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Abstract 

The existence and uniqueness in Holder spaces of solutions of the 
Cauchy problem to parabolic integro-differential equation of the order 
a € (0, 2) is investigated. The principal part of the operator has kernel 
m{t,x,y)/\y\'^~^°' with a bounded nondegenerate m, Holder in x and 
measurable in y. The result is applied to prove the uniqueness of the 
corresponding martingale problem. 
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1 Introduction 

In this note we consider the Cauchy problem 

dtu{t,x) = Lu{t,x) + f{t,x),{t,x) e H = [0,T] xTL'^, (1) 
u{0,x) = 

in Holder spaces for a class of integrodifferential operators L = A + B of the 
order a G (0, 2) whose principal part A is of the form 

Au{t,x) = Atu{t,x) (2) 

dy 



[u{x + y) - u{x) - Xa(y)(Vn(x), y)] m{t, x, y)- 



y\d+a 
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with Xaiy) — la>i + la=il{|y|<i}- We notice that the operator A is the 
generator of an a-stable process. If m = l,then A = c(— A)"''^ (fractional 
Laplacian) is the generator of a sphericaUy symmetric a-stable process. The 
part i? is a perturbing, subordinated operator. 

In |12] , the problem was considered assuming that m is Holder continuous 
in X, homogeneous of order zero and smooth in y and for some > 

/ \{w,Orm{t,x,w)iid_^{dw)>i], (t,x) eF, 1^1 = 1, (3) 

where ^id-i is the Lebesgue measure on the unit sphere S"^^^ in R'^. In [1], 
the existence and uniqueness of a solution to ([T|) in Holder spaces was proved 
analytically for m Holder continuous in x, smooth in y and such that 

C > m > (5 > (4) 

without assumption of homogeneity in y. The elliptic problem Lu = / in R*^ 
was considered in [2], [1], |10j . In the interior Holder estimates (in a non- 
linear case as well) were studied assuming and m(x, y) = m{y) = m{—y). 
In [2], the apriori estimates were derived in Holder classes assuming (j4]) and 
Holder continuity of m in x, except the case a = 1. Similar results, including 
the case a = 1 were proved in [10]. The equation ([T]) with a = 1 can be 
regarded as a linearization of the quasigeostrophic equation (see [5] ) . 

In this note, we consider he problem ([T]), assuming that m is measurable. 
Holder continuous in x and 



C > m > mo, (5) 

where the function rriQ = mo{t,x,y) is smooth and homogeneous in y and 
satisfies ([3]). So, the density m can degenerate on a substantial set. 

A certain aspect of the problem is that the symbol of the operator A, 



dy 



is not smooth in ^ and the standard Fourier multiplier results (for example, 
used in |12) ) do not apply in this case. Instead we use direct analytic and 
probabilistic arguments. We start with equation ([1]) assuming that B = 0, 
the input function / is smooth and the function m = m{t, Y) is smooth 
and homogeneous in y, satisfies ([3]) and does not depend on x. This case of 
equation ^ was considered in [12] and [H] and the estimates of its solution 
in Holder spaces were derived. Then we use the Ito-Wentzell formula to pass 
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to m{t, y) which is only measurable and satisfies ([5]) and obtain a solution of 
([1]) with all the estimates retained. The case of variable coefficients is con- 
sidered by using partition of unity and deriving apriori Schauder estimates 
in Holder-Zygmund spaces. Finally, we apply the continuation by parame- 
ter method to extend solvability of an equation with constant coefficients to 
that of (P). 

As an application, we consider the martingale problem associated to L. 
Since the coefficients are Holder the existence of a martingale solution is 
trivial. Applying the Ito formula to the solution of ([I]), we prove the weak 
uniqueness of the solution to the martingale problem, generalizing so the 
uniqueness results in [Ij and [13j. 

The note is organized as follows. In Section 2, the main theorem is stated. 
In Section 3, the essential technical results are presented. The case of the 
equation with constant coefficients not depending on the spacial variable is 
considered in Section 4. The main theorem is proved in Section 5. In Section 
6 the uniqueness of the associated martingale problem is considered. 



2 Notation and main results 

Denote H = [0,T] x R'^, N = {0,1,2,...}, Rj^ = R'^\{0}. If x,y G R'^, we 
write 

d 

{x,y) = "^XiVi, \x\ = 

i=l 

For a function u = u(t, x) on H, we denote its partial derivatives by dtu = 
du/dt,diU = du/dxi,dfjU = d'^u/dxidxj and D^u = d'^^^u/ dxj^ . . . dx^ , 
where multiindex 7 = (7;^, . . . , 7^) G N'^, Vn = {diu, . . . , ddu) denotes the 
gradient of u with respect to x. 

For a function u on H and (3 € (0, 1], we write 



if /3 e (0, 1) 






= sup \u{ 


t,x)\ 




t,x 








\u{t, 




= sup 


t,x,h^O 






= sup 


\u{t, 







h) + u{t, X - h) - 2u{t, x) I ■£ ^ _ -j^ 



For /3 = [/3]- + {/?}+ > 0, where [/3]- G N and {/3}+ G (0,1], we denote 
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C>^{H) denote the space of measurable functions u on H such that the norm 



\u\i3 = ^ \D'^u\o+ sup [D'^u]^uy+. 

Accordingly, C^ilV^) denotes the corresponding space of functions on R'^. The 
classes coincide with Holder spaces if /? ^ N (see 1.2.2 of [17j). 
For a G (0, 2) and u € C'^~^^{H), we define the fractional Laplacian 

x) = J [u{t, x + y)- u{t, x) - {Vu{t, x),y) (6) 

where x^"\y) = l{|y|<i}l{a=i} + l{aG(i,2)}- 

We denote C^{H) the space of bounded infinitely differentiable in x 
functions whose derivatives are bounded. 

C = C{-, . . . ,■) denotes constants depending only on quantities appear- 
ing in parentheses. In a given context the same letter is (generally) used to 
denote different constants depending on the same set of arguments. 

Let {U,l/{) be a measurable space with a non-negative measure ^{dv) on 

it. 

Let a G (0, 2) and /3 G (0, 1] be fixed. Let m : if x R[J ^ [0, oo),b : H ^ 
R*^, c : H X U ^ IV^ and p : H x U ^ Hhe measurable functions. We also 
introduce an auxiliary function mo : [0, T] x Rq [0, oo) and fix positive 
constants K and p. Throughout the paper we assume that the function rriQ 
satisfies the following conditions. 

Assumption Aq. (i) The function niQ = mo(t,y) > is measurable, homo- 
geneous in y with index zero, differentiable in y up to the order do = [|] + 1 
and 

\D^ym^^\t,y)\ < K 

for all t G [0, T], ?/ G Rq and multiindices 7 G Nq such that I7I < do; 
(ii) If a = 1, then for all t G [0, T] 

wmo{t,w)nd-iiduj) = 0, 

Sd-i 

where S'^~^ is the unit sphere in R'^ and /U^_^ is the Lebesgue measure on 
it; 

(ifi) For all t G [0, T] 



,inf / \{w,(,)\°'mo{t,w)fia-i{dw) yr] > 0. 
1^1=1 J^d-i 
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Remark 1 The nondegenerateness assumption (iii) holds with certain 
5 > if, e.g. 

inf ml"^ (t, w) > 
telo,T\,wer ^ 

for a measurable subset F c 3*^^^ of positive Lebesgue measure. 

Further we will use the following assumptions. 
Assumption A. (i) For all (t, x) e H,y e Rg, 

|?Ti(-,y)|/3 < K 

and 

m{t,x,y) > mo{t,y), 

where the function mo satisfies Assumption Aq; 

(ii) If a = 1, then for all {t, x) e H and r G (0, 1), 



[ ym(i,x,y)— = 0. 

Jr<\y\<l l2/r+° 



We will assume that there is a decreasing sequence of subsets Un & U 
such that U = UnU^^ and the following assumptions hold. 
Assumption Bl. (i) for all {t,x) G H, 

[ \c{t,x,v)\'^7r{dv)+ [ \c{t,x,v)\'^^^ Alnidv) <K 
Jui Ju^ 

(ii) for a G (0.2) 

limsup J lic{t,x,v)\<e\c{t,x,v)\'^Tr{dv) = 
Assumption B2. (i) 

\b\p + < K; 

(ii) If a G [1,2), then there is a constant C such that for all {t,x) G 
H,he R'^, 



'Ui 

and 



/ \c{t,x,v) - c{t,x + h,v)\''Tr{dv) < C|/i|"^, 
Jui 

/ [\c{t,x,v) - c{t,x + h,v)\ Al]TT{dv) <C\hf; 
Ju? 
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(iii) If a < 1, then there is P' such that a + P>a + P'>l3 and there is 
a constant C such that for all {t, x),e H,h E R*^, 

/ \c{t,x,v) - c{t,x + h,v)\^''+^>\{dv) < C\hf, 
Jui 

[ \c{t,x,v)-c{t,x + h,v)\^'^+^'^^'^ AlTT{dv) < C\hf; 

(iv) For all v eU, 

\p{-.v) b<K. 
For (t, z) € H,u e C""'"^(R°') we introduce the operators 

At,zuix) = A'l^^uix) = J^^[u{x+y)-u{x)-{Vu{x),y)Xaiy)]m{t^z^y)j^^: 

Bt,z,zu{x) = {b{t,z)Vu{x))li<a<2+ [u{x + c{t,z,v)) -u{x) 

Ju 

-{Vu{x),c{t, z, v))lui iv)li<:a<2]pit, z, v)TT{dv) 
+l{t, z)u{x), 

and 

Lt,zu{x) = At,zu{x) + Bt,z,zu{x). (7) 
For brevity of notation, we write 

Au{t,x) = Atu{x) = At,xu{x),Bu{t,x) = Btu{x) = Bt,x,xu{x), (8) 
Lu{t,x) = Ltu{x) = Lt^xu{x) , L = A + B . 

According to Assumptions A, Bl, B2, the operator A represents the prin- 
cipal part of L and the operator S is a lower order operator. 

Remark 2 A simple example of U,Un,Tr{dv) is U = Rq, C^n = • kl < 
1/n}, c{t, X, v) = V, Tr{dv) = dv/\v\'^~^°' ,a' < a, and 

Bu{t,x) = J^J.u(.x = y)-u{x)-{Vu{x),y)l^\y\<iyli<a'<2]p{t,x,y)j^^^^. 

For a fixed a G (0, 2), P G (0, 1) we consider the following Cauchy prob- 
lem 

dtu{t,x) = {L - X)u{t,x) + f{t,x),{t,x) € H, (9) 
n(0,x) = 0,a;eR'^, 
in Holder classes C+t^iH), where A > and / G Cl^{H). 
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Definition 3 Let f he a hounded measurahle function on H. We say that 
u S C'^'^^{H) is a solution of if for each {t,x) € H, 

u{t,x) = / [Lu{s,x) — Xu{s,x) + f{s,x)]ds. (10) 
Jo 

If Assumptions A and Bl are satisfied, then Lu is bounded (see Propo- 
sition [11] and Lemma [TOl below) . So, (jlOp is well defined. 
The main result of the paper is the following theorem. 

Theorem 4 Let a € (0,2),/3 G (0,1] and Assumptions A, Bl, and B2 he 
satisfied. 

Then for any f G C^{H) there exists a unique solution u G C'^^^{H) to 
(0). Moreover, there is a constant C = C{a, /3,d, K, fj,) such that 

\u\a+l3 ^ C\f\i3, 

and for all s < t < T, 

\u{t,.)-u{s,-)\^+p<C{t-s)'/'\f\ls. 

3 Auxiliary results 

We will use the following equality for the Holder norm estimates. 
Lemma 5 (Lemma 2.1 in [llj) For 5 G (0, 1) and u G C^(R'^), 

u{x + y)- u{x) = C [ A;(^' (y, z)d^u{x - z)dz, (11) 



where the constant C = C{6,d) and 

Moreover, there is a constant C = C{6,d) such that for each y G R"^ 

\k^'\y,z)\dz<C\y\'. 



The following Lemmas El [5] are deterministic counterparts of the state- 
ments proved in [T^ . 
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Lemma 6 (see Corollary 15 in {T^jLet /3 G (0,1],/ G C^(i?). Then there 
is a sequence /„, G C^{H) such that 

\fn\^<2\fy,\f\p<lhnmf\Uy, 
and for any Q < (3' < (3 

\fn - f\i3' as n ^ oo. 

Proof. The proof in |14] (Corollaries 13 and 15) for /3 G (0, 1) covers without 
any changes the case /3 = 1 as well. ■ 

Lemma 7 (see Theorem 6.3.2 inl3j) For a G (0,2), /? > 0, the norms 
= l^lo + and \u\aj^p are equivalent in C""*"^. 

Let us introduce an operator defined as operator A with m replaced 
by nriQ. In terms of Fourier transforms, for u G C^{H), 

T{A\) {t,o = Mt,OJ'u{t,o, 

where 

Mt^O = -C [ I(u;,e)r[l-i(tan^sgn(u;,e)Wi 

Jgd-l 2 

2 

sgn(w, In \{w, C)\la=i]mo{t, w)na^i{dw) 

vr 

and the constant C = C{a) > 0. Denote 

Gs,tix) = T-^Ks,uGlt{x) = e-^^'-'^Gs,t{x). 

According to Assumption Aq, J \KsAi)\d^ < oo,s < t. Therefore Gg^t is 
the density function of a random variable whose characteristic function is 
Ks^t- Hence, 

Gs,t>0, j G,Ay)dy = l,s <t. (12) 

Let / G C^{H) and 

Rxfit, x) = f * /(s, •)] {x)ds, (13) 
where * denotes the convolution with respect to x. 
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Lemma 8 (see Lemmas 7 and 17 in JT^)Let a G (0,2), /3 € (0,1], / G 
C^{H) and Assumption Aq be satisfied. Then the Cauchy problem 

dtu{t,x) = A^u{t,x) - Xu{t,x) + f{t,x),{t,x) e H, (14) 
u{0,x) = 0,xGR'', 

has a unique solution u = R\f G C^{H). Moreover, there are constants 
Ci = C(q, /3,T, d,ii,K) and C2 = C2{a,d) such that 

\uU(S^Ci\f\i3, (15) 

\u\i3<C2{X-^ AT)\f\^ (16) 

and for all < s < t <T 

\u{t, •) - u{s, OU/a+z? < C{t - s)'/^\f\(s. (17) 

Proof. The statement is proved in [14] for /3 G (0,1) (Lemmas 7 and 17). 
According to Lemma 7 in jl4j , for each / G (H) there is a unique solution 
u = Rxf G C^{H). Obviously d^l'^u solve the equation (P in C^{H) with 
9^/^/ as input function. Applying the statement with /3 = 1/2 we have 

\d^'My2 < C2(A-lAT)|al/2/|l/2, 
\d'/Mt,-)-d'/Msr)\a/2+l/2 < Cit-s)'/^\d'/^f\y2,S<t<T. 

By Lemma [7] (using equivalence of norms), we see that there are constants 
Ci = C(a, /3,T, d,fi,K) and C2 = C2{a,d) such that 

< Cll/Il) 

< C2(A-iAr)|/|i, 

\u{t,-) -U{S, ■)\a/2+l < Ci{t-sf'^\f\i,S<t<T. 

The statement follows immediately for /3 = 1 by repeating the proof of 
Theorem 6 in [Hj and using Lemma E] with (3 = 1. m 

Let Ci : U ^ H'^, i = 1,2, be measurable functions and ^{dv) be a u-finite 
signed measure on {U,U). Consider the operators {i = 1,2) 

V = L^'uix) = / [n(x + Ci(f))-n(x) -l„g(i_2)lc/i(^^)(V'u(x),Ci(t;))]z^(di;), 
Ju 

where Ui G i/, |j^|(C/{^) < 00 {\v\ is the total variation of v). 
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Lemma 9 Let P G (0, 1] . Assume 

la6{l,2){/ \Ci{vT\u\{dv)+ f \Ci{v)\Al\u\{dv)} 
JUi JU{ 

+ lag(0,l] / \Ci{v)\'' M\v\{dv) 

Ju 

< Ki,i = l,2. 

Then there is fi' G (0,/3) and a constant C such that for each k G (0, 1) 

sup|L^n(x)| < C\u\^_^_f^iKi, 

X 

and 

[L^m] < C\u\a+I3[lce{l,2) / IciTcill^l + laG(0,l] / |ci|"(i|i^|] 

JUl,\ci\<K ^|ci|<K 

Also, there is fi' G (0, fi) such that a + P' > P and 

sup \L^u{x) — L'^u{x)\ 

X 

+ lae(l,2)[/ |ci-C2|Ald|i.| + (/ \c,-C2rdMf^]}. 

Proof. If a G (0, 1], then for any /?' G (0,/3), 

sup \L^u{x)\ < C\u\^+i3> (^j IciT A \d\v\^ . 
If a G (1,2), then 

L^u= / ...+ / ... = L\u + lI, 

Jui Jul 

and 

su^\L\u{x)\ < C\u\a I |cird|z/|, 

X JUi 

sup |L|'u(a;)| < C\u\a |ci|Ald|i^|. 
X Ju^ 
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If a G (0, 1], then for each k G (0, 1) 



L^u= / ... + / =lIu + L2U 



'\ci\<K J\ci\>K 

and 



\Llu\i3 < C\u\a+f3 / IciTdli^l 

J\ci\<K 

\Llu\p < C|^x|^|z/|(|ci| > k) 

< CK-'^\uy y"|ci|° Aid|i^|. 

If a G (1,2), then 

L^u= / ...+ / ... = L\u + L\u 

Jui Jul 

and 

L\u{x) = [ [ {d^-'^Vu{x - z)k^'^-^\z,sci),ci)dzdu 

JUi,\c\<K Jo 

+ / ... = L\iu{x) + L\2u{x). 



'Ul,\ci\>K 

We have 



Also, 



and 



JUl,\ci\<K 

[L\2u]p < Ck-''\uU+p I \c^\''d\u\. 



Liu = ...+ 

JUf,\ci\>l JUf,\ci\<l 

= / (yu{x + sci),ci)di' + I 

Jui,\ci\<lJQ Jui,\ci\>l 

= L\iU + LI2U, 

[LlMp < C\Vuy j \ci\Md\u\, 
[Ll2u]ii < C\u\p / \ci\ A ld\v\. 
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Finally, 

\L^u{x) - L'^u{x)\ < lae{o,l] J \u{x + Cl) - u{x + C2)\d\l^\ 

+ lag{l,2)[/ \u{x + Ci) - U{x + C2)\d 

Ju? 



+ / / |(Vn(x + sci) — Vn(x), ci) 
Jui Jo 

-(Vn(x + SC2) - Vu{x),C2)\d\i'\]. 



So, there is /?' € (0, /3) such that a + f3' > /3 and 

< C|^xU+^4l„e(o,i] / |ci -C2|("+''>^ Al(i|i/| + l„e{i,2) / [ci - C2I A ld[z.| 



+ laG{l,2)|VnU_i[ / |ci -CsT^VlMI'^l + / |c2r"Vl -C2M|i^|] 

and the last term can be estimated by Holder inequality. ■ 

Lemma 10 (cf. Lemma 23 in 11 4^) Let (3 € (0,1] and assumptions B1-B2 
he satisfied. Then for each e > there is a constant such that for any 
u € C"+^(R'^),t G [o,r], 

\Bu\i3 < e\u\o,+i3 + Ce\u\Q. 

Proof. Let /3 E (0, 1). Since for {t,x) eH,z,he R"', 

Bt^x+h,zu{x + h) - Bt^x,zu{x) = Bt^x+h,zu{x + h) - Bt^x+h,zu{x) 

+Bt,x+h,zu{x) - Bt,x,zu{x), 

it follows by Lemma [9] that for each e > there is a constant Ce such that 
for all 2; G R'^, 

\B.^;,u\i3 < £\u\a+i3 + Ce\u\o. (18) 

Let /3 = 1. Since for {t, x) e H,z,h e Bf^, 

Bt,x+h,zu{x + h) - 2Bt^x,zu{x) + Bt^x-h,zu{x - h) 
= [Bt,x+h,zu{x + h) - Bt^x,zu{x + h)] + [Bt^x-h,zu{x + h) - Bt^x,zu{x + h)] 
+ [Bt,x-h,zu{x -h) - Bt^x,zu{x - h)] - [Bt^x-h,zu{x + h) - Bt^x,zu{x + h)] 
+Bt,x,zu{x + h) - 2Bt^x,zu{x) + Bt^x,zu{x - h) 
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it follows again by Lemma [9] that for each e > there is a constant Cg such 
that for all z S R*^, 



\B.,zu\i < e\u\a+i + Ce\u\o. (19) 
Finally, if /3 G (0, 1), then for ah {t, x) e H,z e R'^, 



Bt,x+h,x+hu(x + h) - Bt,^^^u{x) 
= Bt^^+h,x+hu{x + h) - Bt^^^^+hu{x) 
+Bt,x,x+hu{x) - Bt 



and 



\Bt,x+h,x+hu{x + h) - Bt^x,x+hu{x)\ 
< |/i|^sup[B,,n]/3. 



z 



So, the statement follows by (fTSj) and Lemma [H 
If /3 = 1, then {t, x) e H,z,he R'^, 

Bt,x+h,x+hu(x + h) - 2Bt^^^xu(x) + Bt^^^h,x~-hu{x - h) 
= {Bt,x+h,x+hu{x + h) - 2Bt^x+h,xu{x + h) + Bt^x+h,x-hu{x + h)} 

+{[Bt,:^_h,x-hu{x -h) - Bt^x-h,xu{x - h)] - [Bt^x+h,x-hu{x + h) - Bt^x+h,xu{x + h)]} 
+{Bt,x+h,xu{x + h) - 2Bt^x,xu{x) + Bt^x~h,xuix - h)} 

and the statement follows by (llOp and Lemma [H ■ 

Let n : Rq — )• R be a measurable function satisfying the following con- 
ditions: 

(i) there is a constant ki such that for all {t,x) £ H,y G Rq, 



n{y)\ < ki; 



(20) 



(ii) if a = 1, then for all r E (0, 1) 




(21) 



For u € C°'^^ (R,'^), we introduce the operators 
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Proposition 11 Let a G (0,2), f3 G (0,1],/?' G (0,/3) and (Eg), {SIP &e 
satisfied. 

Then there are constants Ci = Ci(a, /?', d), C2 = C2{a, P,d) such that 
for all u G C°'+'^{H) 

sup\Au{x)\ < Cifci|u|„_^^/, 

X 

[Au]i3 < C2ki\u\a+I3- 

Proof. For a G (0,1), let p' G (0,/3) be such that a + /3' < I. Then for 
-u G C7"+^(R'^), 

sup|^7x(x)| < CA;i|txL+^, I {\yr+^' A 1)^^ < CK\uUp,. 
For a G [1,2), 

dy 



Au{x) = J {Vu{x + sy) — Vu{x),y^ ds]m{y) 



dy 



^ J\ + ~ lc.G{i,2) (Vu(x),y)]m(y)|^|^_^^ 

= Liu(x) + L2n(x). 
Obviously, for any fi G (0, 1) such that 1 + fi £ (a, a + /3) 

sup \LMx)\ < CK\Vu\f, [ [yji+^-'^-^dy < CK\u\i+^, 

and 

sup|L2n(x)| < CKsup{\u{x)\ + \Vu{x)\). 

X X 

In order to estimate the differences, first we note that for u G Ci+^'(R'^), /i G 
(0,1), 

u{x + h) — u{x) + u{x — h) — u{x) 
{Vu{x + sh) — Vu{x — sh),t) ds 



and 

\u{x + h)- u{x) + u{x -h)- u{x)\ < C\Vu\f,\h\^+^', x,he R'^. (22) 
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Also, for u G C^(R'^),^ G (0, 1), 

\u{x + h) -u{x)\ < C\u\f,\h\^',x,h € R"'. (23) 
Fix h£K'^ with a = \h\ e (0, 1). Then 

Au{x)= / ...+ / ... = Ii{x) + l2{x),x eK'^, 

Ay\<a Ay\>o- 

where 

dy 



Ii(x) = / [u{x + y) -u{x) -la(z[i^2)(yu{x),y)]m{y) 



d+a ' 



j/l<a \y\ 

h{x) = ^ Hx + y) -u{x) -l^^(^i^2){'^u{x),y)]m{y)j--^. 

For a G (0,1), /? G (0,1], let /3' G (0,/3) and a + /3' < 1. Then for u G 
C"+'^(R'^) by Lemma [51 

|/i(x + /i)-/i(x)| < fci / ^ [a"+/5'n(x + /i-z)-a"+'^'n(x-z)| |A;("+'^')(z,y)|^^ 



'\y\<a 

J\y\<a \y\ 



For a G [1, 2), (3 G (0, 1], let (3' G (0, 1) and a < 1 + < a + /?. Then for 
u G C"+^(R'^) by Lemma El 

\h{x + h)-h{x)\ 



< Cki 



\y\<aJ0 



7l(<»^V„(. + .-.)-a^'v„(.-.)„)||.<«(-...)|..* 



dy 



\y\d+C 



Let a G (0, l],/3 G (0, 1), and a' < a be such that /3 + a — a' < 1. By Lemma 
[5] and 



\l2{x + h)-l2{x)\ < kJ \d-'u{x + h-z)-d^'u{x-z)\\k'^^'\y,z)\j^ 



l\y\>a 



\y\d+C 



< Cki\d^'uUp_^,a^+^-^' j \y\'-'^l^<Ckr\uU+paf'. 

J\y\>a \y\ 
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For Q G (0, 1], (3 = 1, let a' G (0,q). Then l<f3 + a-a'<2, 



dy 



h{x) = I I 9°'n(x-z)A;("')(z,y)m(y)^ 



' >a . 



and by i^, 

\h{x + h)-2h{x) + h{x-h)\ < Cfciia°'nU+^_„m"+^-"' / \y'"' '^^ 



\y\>o- 



< Cki\u\a+pa^ ■ 



Let x,x ^ = \x — x|, and /3' < 1 be such that a + /3' < 2 and 

< /3 - /3' < 1. By LemmaEl 

|Li'u(x) - Li{x)\ 

< k[ f [ \d''+'^'-^Vu{x-z)-d''+'^'-^Vu{x-z)\x 

J\y\<a Jo J 

For a G (l,2),/3 G (0, 1), let 1 < a' < a be such that a - a' + /3 < 1. By 
Lemma [5l 

|/2(x + /i)-/2(x)| 



y\>a Jo 




\y\ 



d+a 



■J\y\>a \y\ 

For a G (l,2),/3 = 1, we have 



' dy 



hix) = / / {Vu{x + sy) — Vu{x),y) m{y)ds 

J\y\>a Jo 



and, by ([22]), 



J|j/|>a 

= Cfci|u|a+^a. 



Iyl 
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The statement follows. ■ 

We will need a generalization of this statement. Let n : R'^xRq ^ R be 
a measurable function satisfying the following conditions: 

(i) there is a constant ki such that for all x € R"^, y S Rq 

\n{x,y)\<ki; (24) 

(ii) for P G (0, 1] there is a constant k2 such that for all y G Rq 

[n{;y)]^<k2; (25) 

(iii) if a = 1, then for ah x G R"^, r G (0, 1), 

yn{x,y) '^^ = 0. (26) 

r<\y\<l \y\ 

For u G C'^'^^ (R!^), we introduce an operator 

dy 



^u{x) = J^^V^u{x)n{x,y)-^^^^^^. 

Corollary 12 Let a G (0,2), (3 G (0,1], /3' G (0,/3) anc/ ^-^2^ he sat- 
isfied. Then there is a constant C = C{a, (3, ,d) such that for all u G 

\Au\fS < C[ki\u\a+^ + k2\u\^+^']. 
Proof. For u G C°+/^(R'=') consider 

Azu{x) = [ Vyu{x)n{z,y) ,x,z eTV^. 

Let P G (0, 1). Since for /i,x G R'', 

Ax+huix + h) - Axu{x) = {Ax+hu{x + h) - Ax+hu{x)) 

+ {Ax+hu{x) - Axu{x)) , 

the statement follows by Proposition llli 
Let /3 = 1. Since, similarly, for /i, x G R'^, 

Au{x + h) - 2Au{x) + Au{x - h) 
= {Ax-hu{x + h) - 2Axu{x + h) + Ax+huix + h)} 

+{[Ax-hu{x + t) - Axu{x + t)] - [Ax-hu{x -t) - Axu{x - t)]} 
+{Axu{x + h) — 2Axu{x) + Axu{x — h)}, 

the statement follows by Proposition [TTJ ■ 
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4 Equation with coefficients independent of spa- 
tial variable 



In this section, we consider the Cauchy problem 

dtu{t,x) = Atu{t,x) - Xu{t,x) + f{t,x), {t,x)eH , . 

m(0,x)=0, xGR"', ^ ^ 

assuming that the function m{t, x, y) does not depend on x. 

Theorem 13 Let a & (0,2),/3 G {0,l],m{t, x,y) =m{t,y) and Assumption 
A be satisfied. 

Then for each f G C^{H) there is a unique solution u e C°+^(iJ) to 
(W^. Moreover, the solution satisfies /f75|)-([77|j. 

Proof. Uniqueness. Let u^^u^ G (ja+p solutions to (I27p . Then the 

function u = v} — v? satisfies (p7|) with / = 0. 

Let a nonnee ative C G C^(R'^) be such that f Cdx = l. Denote 

(^(a;) = e''^Q{x/e),x G R"^, e e (0, 1), 

and 

Ue{t, x) = u{t, •) * Cs{x), {t, x) G H. 

Then solves (l27|) with / = 0. 

Let (r2,J^, P) be a complete probability space with a filtration of cr- 
algebras F = {Tt)f.^Q satisfying the usual conditions. We fix to £ (0, T) and 
introduce an F-adapted Poisson point measure p{dt, dy) on [0, to] x R-o with 
a compensator m(to — t,y)dtdy /\y\'^~^'^ . Let 

dy) = p{dt, dy) - m{to - t, y) J^ZT^ 

be the corresponding martingale measure and 

Xt= / Xa{v)y<l{ds,sy) + I I {I - Xa{y))vv{ds,dy) 

Jsq J Jo J 

for < t < to- By Ito's formula 



ne(to,a;) = u^ito, x) - Eu^{0, x + Xtg)e 

du 



dt 



^ Au^ + Aug 



{t -to,x + Xt)dt = 0. 



18 



Since e, to and x are arbitrary, we have u = 0. 

Existence. First we prove the existence of a solution to (j27p for a smooth 
input function /. 

We introduce an F-adapted Poisson measure p{dt, dz) on [0, oo) x Rq 
with a compensator dtdz/z^ . Let 

qidt, dz) = p(dt, dz) — ^ f 

z^ 

be the corresponding martingale measure. According to Lemma 14.50 in 
[7] J there is a measurable function c : [0,T] x Rg — )• R'^ such that for every 
Borel r C R|^ 

^ (m(t, y) - mo{t, y)) |-p:^ = j lr(c(t, z)) J. 

Let 

I C^- Xa{cit,z)))c{t,z)p{dz,dz) + Xa{c{t,z))c{t,z)q{ds,dz). 



For / € C^{H), we consider the equation 

= <n(t,a;) +/(t,x-yt),(t,x) G i7, (28) 
u{0,x) = 0,xeR'^. 

By Lemma [HI there is a unique solution u G C^{H) to (p8]) . Moreover, 
the solution satisfies (fT5ll - (fT7l) P-a.s. In addition, the solution is F-adapted 
because 

t r 

A 



u{t, = j Gs^t{y)f{s, x-y- Ys)dyds. 
Using ()12p . we have for any multiindex 7, 



and 



D^u{t,x) = j Glt{y)Dlf{s,x-y-Ys)dyds 



essupj^gf^ sup |I?2''^(t, x)| < 00. (29) 



Let A be the operator defined as the operator A with m replaced by 
m — mo. According to (1281) and the Ito-Wentzell formula (see [Ml), 

u(t,x + yt) -n(0,2;) = / [dsu{s,x + Ys) + Au{s,x + Ys) + Mt (30) 

JO 

= / [Au{s,x + Ys)-Xu{s,x + Ys) + f{s,x)]ds + Mt, 
Jo 
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where 



Mt = J [u{s, x + Ys^ + c{t, z)) - u{s, X + Ys-)]q{ds, dz). 



Taking expectation on both sides of ([30|) and using ([29]) . we conclude 
that the function v{t,x) = 'Fiu{t,x + Yt) belongs to C^{H) and solves (f27|l . 
Moreover, v satisfies p^ - (fT7j) because u satisfies (fT5]) - (fT7|) P-a.s. 

Next we prove the existence of a solution to ()27p for / E C^{H). By 
Lemma m there is a sequence /„ G C^{H) such that 

|/n|/3< 21/1/3, 1/1/3 <liminf|/„|;3, (31) 
and for every k € (0, /3) 

lim |/„ - /U = 0. (32) 

n— >oo 

According to the first part of the proof and (I3ip , for each n there is a unique 
solution Un € C°~^^{H) to ([27|) with / replaced by /n- Moreover, there are 
constants Ci = Ci{a, f3, fi, K,T) and C2 = 6*2(0, d) such that 

[""nU+Z? ^ Cl\f\l3, (33) 

It^nl^ < C2(a,d)(A-i Ar)|/|o,/3;p, (34) 

and for all s < t < T, 

\Un{t, •) - Un{s, •)U/2+/3 < C{t - sY^^lfl^. (35) 

Fix an arbitrary k G (0, /?). Again, by the first part of he proof, there is a 
constant C not depending on n such that 

Moreover, by Lemma [6] and ()32p . 

\Un — "UfcU+K ^ C\fn — /fcU ^> 

as n. A: ^ oo. Hence, there is n E C"^'^{H) such that 

lim \un - u\o,+K = 0. (36) 



n— >oo 



According to (f33|) and (f36]l . we have [9"nn]/3 < Cil/l/s and \d"un—d'^u\o — > 
as n — > oo. Therefore [S'^tt]/^ < Ci\f\i3 and u G C°'^^{H). Passing to the 
limit in (i33]) - (i35]) as n ^ oo we conclude that u satisfies (fT5]l - (fT7|l . Finally, 
passing to the limit in the equation 

ft 



/ [AUn - XUn + fn] {s, x)ds 

Jo 



Un{t,x) 

and using Corollary [121 we conclude that u solves ([2 
The theorem is proved 
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5 Proof of Theorem |4] 

We follow the proof of Theorem 5 in [14J with obvious changes. 

It is well known that for an arbitrary but fixed 6 > there is a family of 
cubes Dk ^ Dj^ C R'^ and a family of deterministic functions r]/^ G Cq°(R'^) 
with the following properties: 

1. For all k > 1,-Dfc and have a common center Xk, diam < 
(5,dist(Dfc,R'^\Z)fc) < C6 for a constant C = C{d) > 0,UfcDfc = R'^, and 
1 < Id, < 2'^- 

2. For all < 77^ < 1, = 1 in Dk-, rj^ = outside of Dk and for all 
multiindices 7, 17I < 3, 

For Q e (0,2),/c > 1, denote 
Aku{t,x) = At,XkU{t,x), 

/dy 
[u{t,x + y) -u(t,x)][r]^{x + y) - r?fc(x)]m(t, x^, y) |-p^, 

/dy 
[u{t,x + y)-u{t,x)][7]k{x + y)-r]f,{x)]j--^, 

Fku{t,x) = u{t,x)Ak'nk{x),Fk,iu{t,x) = u(t,x)d'^r]k{x). 
We notice that 

Ak{ur]k) = Vk^kU + EkU + FkU (37) 

and 

a"(u77fc) = ri^d'^u + Ek,iu + Fk,iu. (38) 

It is readily checked that there is /3' S (0, /?) and a constant C = C = 
C{a, /3, d, K, 5) such that 

sup (j4"^n(t, + lEi'^Mt, < C\uUp' 

and, by Corollary [T51 

sup(|Ff)n(t,-)|/3 + |i^i^n(t,.)l/3) < C|nj;,. (39) 

Hence, for each e > there exists a constant C = C{a,l3,d,K,5,e) such 
that 

sup ■)b + Ol/?) < + Cklo- (40) 
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Elementary calculation shows that for every u S C°^^^{H), 

|ti|o < supsup 

k X 

< sup|r?fcu|^ + C|m|o, (41) 

k 

sup|r?fcn[/3 < \u\p + C\u\q, 
k 

the constant C = C{(3,d,6). By ([38]) and (gH), we have 

kU./S = \u\o + \d'^u\0 <sup\rji,d°'u\,3 + C\u\o 

k 

= sup |5"(r/fcn) - £^fc,in - Ffc,iti|/3 + C\u\o. 

k 

By (Uni) and (p9|) . for each e > there is a constant C = C(e, a, /3, d, 5) 
such that for every u G C'^^^{H) 



Therefore, 



\u\a,p < sup |(9" (nr/fc) |^ + e\d°'u\p + C|n|o. 
fc 



|iiU,/3 < 2sup \ur]j.\a^i3 + C|n|o, 

k 



where the constant C = C{a, /3,d,5). This estimate, together with Lemma 
[71 implies 

\u\a+i3 < Ci sup |nr/fc|a+/3 + C2|'u|o, (42) 

k 

where the constants Ci = Ci(a, /3, d), C2 = 6*2(0, /3, d, (5). 

Let u E C"'^f^{H) be a solution of dH). Then rj/^u satisfies the equation 

dtiVk^) = ^kiVku) - HVku) +Vk{^u- Aku) + r]J + r]kBu (43) 
-FkU - EkU. 

By Theorem 1131 

\riku\a+ii < C (|??fc(An - Aku)\ii + \r}^,Bu\p + + \Fku\ji + |-Efcn|^) , 

where the constant C = C{a, P,d, fi,K,T). By ()i2]) . 



|^iU+/3 < Ci l^sup ^ ^ C2|n|o, (44) 

where the constants Ci = Ci(a, /3, d, ^, iC, T), C2 = C2(a, d, K, 5, T) and 
/ = sup {\r]i,{Au - Aku)\i3 + \r]kBu\i3 + \Fku\13 + \Eku\13) . 

k 
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By Corollary [121 there is /?' G (0,/3) such that 

IrjkiAu - Aku)\i3 < Ci (^6'^\u\a+i3 + C'2|nl„+^'^ , 

where the constants Ci = Ci{a, /3,d, K),C2 = C2{a, /3,d, K,5). Therefore, 
for each e > we can choose (5 > so that 

\r]k{Au - Aku)\i3 < e\u\a+i3 + C\u\q, 

where the constant C = C{a, /3,d, K,e). Hence, by (I^Ujl . (pUj) and Lemma 
[T0| for each e > we can choose 5 > such that 

I < e\u\a+^ + C\u\o, (45) 

where the constant C = C{a, f3,d,K,e). This estimate, together with (|44p 
and (f37|) . implies 

\u\a+^ < C[\f\^ + \u\o], (46) 
where the constant C = C{a, 13, d, K, fi, T). 

On the other hand, according to (j43p and Theorem 1131 

|u|o < SM^\rif,u\fi < ^i{\)snY>[\f\i3 + \r]k{Au- Ak)\i3 + \rikBu\fj 

k k 

+\Fku\p + \Eku\pl 
where /x(A) — )• as A — > oo. So, 

\u\^<C^l{X){\f\p + \uU+p). (47) 

The inequalities (j46|) and (|47|) imply that there is Aq > and a constant C 
not depending on u such that 

\uU+p < C\f\p (48) 

if A > Aq. Ifn G C"+'^(F) solves © with A < Aq, thenn(t,x) = e-^(^o~^)*n(t, x) 
solves the same equation with A = Aq, and by (j^Hj) 

So, (IMD holds for all A > 0. 

By Theorem [13] and (|42|) . there is a constant C such that for all s < i < T, 

|n(t,-) -u(s,-)U/2+/3 < C'sup |r?fcU(t, •) - ??fe^('5r)U/2+/3 

A; 

< c{t-sy/^i\f\i, + \uu^). 
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Therefore there is a constant C such that for all s < t < T, 

\u{t,-) - u{s,-)\a/2+^ < C{t - s)'/'\f\p. 

We finish the proof applying the continuation by parameter argument. 

Let 

LrU = tLu + (1 - t) a"n, T G [0, 1] . 

We introduce the space (7°+/^ (H) of functions u € C+f^iH) such that for 
each (t, x), u {t, x) = £ F {s, x) ds,where F G (H) . It is a Banach space 
with respect to the norm 

I \u\ U,/3 = \u\a+fS + \F\p. 

Consider the mappings : (7"+^ (^H) — > C^{H) defined by 

u{t,x)= / F{s,x)dst — > F — Lt-u. 
Jo 

Obviously, for some constant C not depending on r, 

\TrU\ij < C\ \u\ \a,^. 

On the other hand, there is a constant C not depending on r such that for 
ah u e (7"+^ (H) 

\\u\\a,fi<C\TrU\^. (49) 

Indeed, 

u{t,x)= / F{s,x)ds= / [LrU + {F — Lt-u)) {s,x) ds, 
Jo Jo 

and, according to the estimate (|48p. there is a constant C not depending on 
r such that 

\u\^_^f^ <C\Tru\i^ = C\F - Lru\i^. (50) 

Thus, 

ll«IU,/3 = \u\a+l3 + \F\,3 <Ha+0+\^ - LrU\p + \LrU\/^ 

< C (\u\^j^f^ + \F - LrU\f^^ <C\F- LrU\p = C \TrU\p , 

and (j49p follows. Since Tq is an onto map, by Theorem 5.2 in [6j all the 
are onto maps and the statement follows. 
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6 Martingale problem 

In this section, we consider the martingale problem associated with the 
operator 

L^ = A + B\ 

where is the operator B defined by ([8j) with /o > and / = 0. 

Let D = L>([0,r],R'^) be the Skorokhod space of cadlag R'^-valued tra- 
jectories and let Xt = Xt{w) = wt^w S -D, be the canonical process on 
it. 

Let 

Vt = a{Xs,s <t),V = \/tVt,M = {Vt+) , t G [0, T]. 

We say that a probability measure P on (D, T>) is a solution to the {s, x, L)- 
martingale problem (see [18], [13]) if P(^r =x,0<r<s) = l and for all 
u e C^{H) the process 

u{t,Xt)- j [dtu{r,Xr)+L^u{r,Xr)]dr (51) 

J s 

is a (D, P)-martingale. We denote S{s,x,L^) the set of all solutions to the 
problem (s, x, L'')-martingale problem. 

Lemma 14 let a € (0, 2),/3 G (0,1] and Assumptions A, Bl and B2 with 
p > and I = be satisfied. Let P ^S{s,x, L^), f € C^{H), and let u G 
C"~^^{H) be a solution to the Cauchy problem 

dtu{t,x) + L^u{t,x) = f{t,x),{t,x)eH, (52) 
u{T,x) = 0. 

Then the process 157]) is a (lQ),P)-martingale and 

u{s, x) = -Fs,x fir, Xr)dr, (s, x) € H. (53) 

Proof. Let be the function introduced in the proof of Theorem [13] and 

Ueit, x) = u{t, •) * Ceix), (t, x) eH,ee (0, 1). 
Let r < t and hhe a bounded J>-measurable random variable. Then 

PsAh[Mt,Xt) - u,{r,Xr) - [ {dtUe{s,Xs)+L\,{s,Xs))ds]} = 0. 

J r 
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Passing to the limit in this equahty as e — >• and using ([52|). we get 
FsAhHt,Xt)-u{r,Xr) - f f{s,Xs))ds]} = 0. 

Jr 

In particular, for t = T,r = 0,h = 1, (j53p follows. ■ 

Proposition 15 Let Assumptions A, Bl and B2 with p > and I = 
he satisfied. Then for each (s, x) ^ H there is a unique solution Ps,x to 
the martingale problem {s,x,L^), and the process (X^, D, (P^^^.)) is strong 
Markov. 

If, in addition, 

lim / sup / p{t,x,v)Tr{dv)dt = 0, 

R-^°oJo X J\c{t,x,v)\>R 

then the function Fs,x is weakly continuous in {s,x). 

Proof. Since the coefficients of are Holder continuous, it follows by 
Theorem IX.2.31 in [8] that the set S{s,x,L°) / 0. For / € C^{H), let 
u G Ca+i3{H) be the solution to ([9]). By Lemma [HI 

u{s, x) = Ps,x f{r, Xr)dr, Fs,x S S{s, x, L). 

Therefore, by Lemma 2.4 |13| . the measure P^^^; G S{s,x,L^) is unique. 
By Lemma 2.2 in |13] . the process {Xt,JS>,{P s,x)) is strong Markov. The 
continuity of the function (s,x) — ?> Y'g^x follows from Theorems IX. 2. 22 and 
IX.3.9 in [Sj. ■ 
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